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ABSTRACT
A two-dimensional nonhydrostatic version of the NCEP regional Eta Model together with analytic theory are
used to examine flow over isolated mountains in numerical simulations using a step-terrain vertical coordinate.
Linear theory indicates that a singularity arises in the steady flow over the step corners for hydrostatic waves
and that this discontinuity is independent of height. Analytic solutions for both hydrostatic and nonhydrostatic
waves reveal a complex behavior that varies with both horizontal and vertical resolution.
Witch of Agnessi experiments are performed with a 2D version of the Eta Model over a range of mountain
half-widths. The simulations reveal that for inviscid flow over a mountain using the step-terrain coordinate, flow
will not properly descend along the lee slope. Rather, the flow separates downstream of the mountain and creates
a zone of artificially weak flow along the lee slope. This behavior arises due to artificial vorticity production at
the corner of each step and can be remedied by altering the finite differencing adjacent to the step to minimize
spurious vorticity production.
In numerical simulations with the step-terrain coordinate for narrow mountains where nonhydrostatic effects
are important, the disturbances that arise at step corners may be of the same horizontal scale as those produced
by the overall mountain, and the superposition of these disturbances may reasonably approximate the structure
of the continuous mountain wave. For wider mountains, where perturbations are nearly hydrostatic, the distur-
bances above the step corners have horizontal scales that are much smaller than the overall scale of the mountain
and appear as sharp spikes in the flow field. The deviations from the ‘‘classic’’ Witch of Agnesi solution are
significant unless the vertical resolution is very small compared to the height of the mountain. In contrast,
simulations with the terrain-following vertical coordinate produce accurate solutions provided the vertical grid
interval is small compared to the vertical wavelength of the mountain waves (typically at least an order of
magnitude larger than the mountain height).
1. Introduction
Terrain-following vertical coordinates (cf. Phillips
1957; Gal-Chen and Somerville 1975) have been used
extensively to accommodate orography in models for
atmosphere flow. However, Mesinger and Janjic (1985),
among others, have found that errors in computing the
horizontal pressure gradient force in models using a
terrain-following vertical coordinate can be substantial
in the vicinity of steep topography. To minimize this
error, models using step-terrain profiles (Mesinger 1984)
have been introduced, such as the National Centers for
Environmental Prediction (NCEP) regional Eta Model
(e.g., Mesinger et al. 1988; Janjic 1990, 1994). In that
model, the topography can be represented as discrete
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steps whose tops coincide exactly with the nearly hor-
izontal coordinate surfaces (see Fig. 1, from Black
1994). With the continuing increase in computational
resources, operational models like the Eta Model are
being run at successively finer resolutions. A nonhy-
drostatic version of the Eta Model was developed (Gal-
lus and Rancic 1996) and tested successfully in bench-
mark thermal bubble experiments. The vertical coor-
dinate in the nonhydrostatic version switched from a
function of pressure (used in the hydrostatic version) to
a function of height (Eta-z).
Although mountain-induced gravity waves are rela-
tively unimportant at typical resolutions used opera-
tionally in the past, these perturbations can play a sig-
nificant role in atmospheric motion as the horizontal
resolution approaches or exceeds O(10) km. Therefore,
it is important to understand the behavior of step-terrain
models in generating gravity wave motion within flow
over mountainous terrain. In this paper, we shall ex-
amine the effect of the step-terrain approximation on
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FIG. 1. Linear step-terrain mountain solution for a narrow bell-
shaped mountain (a 5 1 km). Vertical resolution is Dz 5 0.5H,
horizontal resolution is Dx 5 0.2a 5 200 m. (a) Steady streamlines
(solid lines) are displayed together with streamlines for the continuous
bell-shaped mountain (dashed lines). Vertical velocity for (b) step
terrain and for (c) the actual bell-shaped mountain are displayed with
a contour interval of 0.25 m s21.
idealized mountain wave solutions for flow over a
smooth barrier for a range of horizontal length scales
that will produce both nonhydrostatic and hydrostatic
responses.
One of the standard benchmark tests used for nu-
merical models involves the simulation of inviscid 2D
flow over a bell-shaped, or Witch of Agnessi, mountain
defined by h(x) 5 H/(1 1 x2/a2) for an atmosphere that
initially has wind speed U and Brunt–Väisälä frequency
N that are constant with height. The steady mountain
wave solution for this problem depends on three di-
mensionless parameters: NH/U, which reflects the non-
linearity of the flow; Na/U, which is a measure of the
hydrostatic/nonhydrostatic influences; and fa/U ( f be-
ing the Coriolis parameter), which reflects the impor-
tance of rotation. For small-amplitude mountains (NH/U
K 1), the steady linear solution is known (cf. Queney
1948; Alaka 1960), and the structure of the waves de-
pends on the mountain half-width a. For Na/U k 1 and
fa/U K 1, hydrostatic waves are produced that are non-
dispersive. Wave energy and momentum propagate ver-
tically and waves are confined to the region directly
above the mountain, displaying lines of constant phase
that tilt upstream with height. When the mountain width
is smaller such that Na/U 5 O(1), dispersive nonhy-
drostatic waves are produced that have horizontal and
vertical lengths of similar magnitude. The horizontal
group velocity is less than the phase speeds, resulting
in an extension of the wave pattern downstream from
the mountain. For Na/U K 1, the waves become eva-
nescent and decay rapidly with height. For broad moun-
tains with fa/U 5 O(1), dispersive inertia–gravity
waves are produced that again extend downstream from
the mountain. For fa/U k 1, the waves become qua-
sigeostrophic and decay rapidly with height.
In this study, we shall consider both analytic solutions
and numerical simulations for flow over a bell-shaped
mountain that is approximated by steps of height Dz that
are regulated by the vertical resolution. We begin in
section 2 by deriving the linear analytic solution for a
single top hat mountain, and then construct approxi-
mations to the bell profile by adding together the steps
for each grid level. In section 3, we present numerical
simulations for mountain widths in both the nonhy-
drostatic and hydrostatic regimes that confirm the pre-
dictions of the analytic theory. Sensitivity of these re-
sults to both horizontal and vertical resolution will be
examined. In section 4, we summarize the results and
Unauthenticated | Downloaded 12/20/20 12:59 AM UTC
APRIL 2000 1155G A L L U S A N D K L E M P
comment on their implications for more complex high-
resolution prediction models.
2. Linear theory of flow over a step mountain
In 1943 Lyra derived the analytic solution for flow
over a top hat–shaped mountain (see Alaka 1960). Re-
deriving this solution for an atmosphere that includes
rotation, we seek solutions of the steady wave equation
written in terms of the Fourier transform of the dis-
placement d 5 d1 that is well approximated by(r /r)Ï 0
2 2 2] d̂ N [1 2 (kU/N ) ]1 2 21 , d̂ 5 0, , 5 , (1)12 2 2]z U [1 2 ( f /kU ) ]
where k is the horizontal wavenumber, f 5 1024 is the
Coriolis parameter, and the factor represents ther /rÏ 0
growth in amplitude that arises due to the vertical var-
iation in mean density r . Within the expression for ,2,
the bracketed term in the numerator reflects the non-
hydrostatic contribution to the solution while the brack-
eted term in the denominator represents the influence
of the Coriolis force. For a top hat mountain with h(x)
5 H for |x| # at, 5 (2H/at) sinkat, which togetherd̂(k, 0)
with a wave radiation upper boundary condition yields
a solution to (1) of the form
22H exp[i sgn(k),z], for , . 0,
d̂ (k, z) 5 sinka (2)1 t 25k exp(2mz), for , # 0,
where m 5 2,2. Taking the inverse Fourier transformÏ
of (2) results in the following integral expression for
the displacement of steady nonhydrostatic waves:
1/2 f /U2H r sinka0 td(x, z) 5 exp(2mz) coskx dkE1 2 5p r k0
N /U sinkat1 cos[kx 1 ,z] dkE kf /U
` sinkat1 exp(2mz) coskx dk .E 6kN /U
(3)
This equation can then be integrated numerically to ob-
tain the displacement height of streamlines passing over
a single top hat mountain of half-width at. To compute
the solution for a step-terrain profile that approximates
the bell-shaped mountain for specified grid increments
Dx and Dz, we discretize the terrain profile into a series
of steps on the specified grid and solve (3) in each
vertical layer for a top hat profile of height Dz and width
2at of the step-terrain at that level. Summing the dis-
placements produced by the step at each level then
yields the linear solution for the multilevel step-terrain
mountain profile.
In order to more directly compare the analytic results
to integrations of the discretized model equations, we
recast the above equations in finite difference form to
account for the finite resolution resulting from the spec-
ified Dx. Representing the Fourier integral by a finite
sum over wavenumbers k 5 2np/xl for 0 # n # N,
where N 5 xl/(2Dx), the solution for d becomes
1/24H r0d(x, z) 5 1 2x rl
m1a Nz sinkat t3 cos 1 exp(2mz) coskxO[2 U kn51
m2 sinkat1 cos(kx 1 ,z)O
kn5m 111
N sinkat1 exp(2mz) coskx ,O ]kn5m 112 (4)
where m1 is the largest n satisfying k # f/U,m2 is the
largest n satisfying k , N/U, and xl is the assumed
domain size, which for xl k a has little impact on the
solution. The vertical velocity w 5 Udx is obtained from
the x derivative of (4).
a. Analytic step-terrain solutions at various
horizontal scales
We consider first a case in the nonhydrostatic regime
by setting N 5 1022 s21, U 5 10 m s21, for a bell-
shaped mountain with a 5 1 km, such that aN/U 5 1.
In this situation, vertically propagating disturbances
above the step corners are comparable in horizontal
scale to the scale of the mountain; artificial perturbations
near the grid scale that are produced above the step
corners are evanescent and decay rapidly with height.
Even with a coarse vertical resolution of the terrain (Dz
5 H/2; i.e., the bell-shaped mountain is represented as
two steps) the solution agrees favorably with the ana-
lytic solution for the actual bell-shaped mountain, as
reflected by the steady streamlines in Fig. 1a and vertical
velocity in Figs. 1b and 1c. Here, the horizontal grid
interval is fixed at Dx 5 0.2a 5 200 m. The step-terrain
results are rather insensitive to horizontal resolution,
although peak magnitudes are increased somewhat with
higher horizontal resolution, producing greater depar-
tures from the solution for continuous terrain.
Increasing the bell-shaped mountain half-width to a
5 10 km such that Na/U 5 10 and fa/U 5 0.1, the
flow is nearly hydrostatic and rotational influences are
small. In this regime, the disturbances generated above
the corners are small in horizontal scale compared to
the mountain width. For Dz 5 0.5H 5 200 m and Dx
5 0.2a 5 2 km, these corner disturbances have ampli-
tudes that are comparable to the mountain scale per-
turbation and appear as noise in the streamline field (Fig.
2a) and as vertically stacked oscillations above each
corner in the vertical velocity field (Fig. 2b). Increasing
the vertical resolution to Dz 5 0.1H 5 40 m, the corner
disturbances are diminished in amplitude; the stream-
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FIG. 2. Linear step-terrain mountain solution for a bell-shaped mountain with half-width a 5 10 km. Horizontal
resolution is Dx 5 0.2a 5 2 km. (a) Steady streamlines (solid lines) for Dz 5 0.5H along with streamlines for the
continuous bell-shaped mountain (dashed lines). (b) Vertical velocity for step-terrain mountain with contour interval
0.2 m s21. (c) Streamlines as in (a) except for Dz 5 0.1H. (d) Vertical velocity as in (b) except for Dz 5 0.1H and
with contour interval 0.1 m s21. (e) Vertical velocity as in (d) except for Dz 5 H/40. (f ) Vertical velocity for the
actual bell-shaped mountain, displayed with contour interval of 0.1 m s21.
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lines exhibit only slight deviations from the bell-shaped
mountain solution (Fig. 2c), although the vertical ve-
locity field still contains noticeable distortion. At Dz 5
H/40 5 10 m, the streamlines (not shown) are indistin-
guishable from the bell-shaped mountain solution and
the noise in w is of small amplitude (Fig. 2e).
For a broad mountain half-width of a 5 100 km,
Na/U 5 100, and fa/U 5 1, the flow will produce
hydrostatic inertia–gravity waves above and down-
stream of the terrain. The horizontal scale of the dis-
turbances above the step corners is now far smaller than
the scale of the mountain, and for Dz 5 0.5H 5 200
m, their strong amplitude dominates the wave response
(Figs. 3a,b). With increasing vertical resolution, the
step-terrain solutions converge toward the bell-shaped
mountain wave structure in similar fashion to the results
shown for a 5 10 in Fig. 2. At Dz 5 0.1H 5 40 m,
the streamlines display little distortion while the vertical
velocity still contains significant noise (Figs. 3c,d). Fur-
ther increasing the vertical resolution to Dz 5 H/40 5
10 m, the streamlines (not shown) are coincident with
the bell-shaped mountain solution and the w field (Fig.
3e) is approaching the bell-shaped mountain solution
(Fig. 3f), although some noise in the solution is still
apparent. For a given vertical resolution, increasing the
horizontal resolution does not improve the solution;
rather, the step-corner disturbances increase in ampli-
tude and shrink in scale toward a discontinuity (Fig. 4).
b. Scale dependence of the step-corner disturbances
To better understand the nature of these step-corner
disturbances, we consider first the behavior of hydro-
static flow in the absence of rotation (which has little
influence on the corner disturbances). In this limit, , 5
N/U and the middle term in (3) can be integrated from
zero to infinity to produce a closed form expression for
displacement:
 N 1 x 2 a Ntcos z 1 ln sin z,) )U p x 1 a Ut for |x| , a ,1/2 tr0 d(x, z) 5 H (5)1 2 1 x 2 a Nr tln sin z,) )p x 1 a Ut
for |x| . a . t
Thus, for hydrostatic waves, a logarithmic singularity
exists above each step corner that is independent of
height. As long as the horizontal resolution remains
within the hydrostatic regime, decreasing Dx only serves
to increase the amplitude of the corner disturbances by
better resolving this logarithmic singularity (as in Fig.
4).
In spite of the singular nature of hydrostatic distur-
bances above a step corner, as reflected in (5), the nu-
merical representations of these disturbances remain fi-
nite for a fixed horizontal resolution, and diminish in
amplitude with increasing vertical resolution, as dem-
onstrated in Fig. 3. To understand this behavior, note
that the singularity in (5) comes from the k21 factor in
the middle term of (4), evaluated in the hydrostatic limit.
For a fixed horizontal grid, k is limited in magnitude
by an upper bound of p/Dx. Thus, for a fixed Dx, the
amplitude above the corners remains finite. Since the
magnitude of the corner disturbance in (5) is propor-
tional to the height of the step H, increasing the vertical
resolution (decreasing the height of each step) decreases
the amplitude of the corner disturbance.
In the nonhydrostatic regime, the singularity above a
step corner is removed (except right at the corner point)
due to the dispersive behavior of the waves. In fact, the
disturbances above a step corner are described by the
solution for flow over a wide plateau, as derived by
Lyra (see Alaka 1960). One must exercise caution in
interpreting solutions for flow over a semi-infinite pla-
teau since the horizontal velocity perturbations actually
become logarithmically infinite (cf. Bretherton 1969).
However the vertical velocity field is well behaved and
can be viewed as the asymptotic solution for a very
wide (but not infinite) plateau. This solution can be
readily obtained from (4) specifying a large value of at.
Figure 5a displays the w field for a step plateau of height
H 5 200 m, obtained with Dx 5 200 m. At this grid
size the nonhydrostatic wave response is well resolved.
With coarser resolution (Dx 5 2 km), this wave response
is marginally resolved (Fig. 5b) and is nearly identical
to the perturbations above the leftmost step corner in
Fig. 2b. These results for a step plateau confirm that the
disturbances above each step corner would be nonhy-
drostatic waves if well resolved, but appear as spikes
in the solution for coarser grids, and approximate a sin-
gularity if the resolved horizontal scales are essentially
hydrostatic.
3. Model simulations
To evaluate the step-terrain approximation in numer-
ical simulations of flow over a bell-shaped mountain,
we employ a two-dimensional nonhydrostatic version
of the NCEP Eta Model (Gallus and Rancic 1996). The
Eta advection schemes (Janjic 1984) were replaced in
these experiments with the third-order accurate Takacs
(1985) scheme used in the thermal bubble tests by Gal-
lus and Rancic (1996).
In the simulations that follow, the atmospheric con-
ditions are the same as described in the previous section,
which are also patterned after those used in tests with
the Mesoscale Model version 5 (MM5) terrain-follow-
ing model (Dudhia 1993). Thus, U is chosen to be 10
m s21, a bell-shaped terrain profile is specified with H
5 400 m, and the constant Brunt–Väisälä frequency is
N 5 1022 s21. Three mountain half-widths are used, a
5 1 km, 10 km, and 100 km, with a horizontal grid
size of 0.2a for direct comparison with the analytic re-
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FIG. 3. As in Fig. 2 except a 5 100 km, with Dx 5 0.2a 5 20 km. Contour interval is (b) 0.02 m s21, (d), (e) 0.01
m s21, and (f ) 0.005 m s21.
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FIG. 4. As in Fig. 3a except with Dx 5 a/50 5 2 km.
FIG. 5. Vertical velocity from linear solution for flow over a step
plateau of height H 5 200 m. Contour interval is 0.2 m s21. Solution
is computed with (a) Dx 5 200 m and with (b) Dx 5 2 km.
sults in the previous section and Dudhia’s MM5 sim-
ulations. The model top is at ;15.6 km (100 mb), with
a Rayleigh damping absorbing layer (following Durran
and Klemp 1983) beginning above 9 km to absorb up-
ward propagating gravity wave energy. Simulations
were performed with vertical resolutions ranging from
200 to 10 m (mountain represented from 2 to 40 steps).
The horizontal domain width is 40a, with open radiation
boundary conditions specified at the lateral boundaries.
The simulations were integrated for 21.6a/U s as in
Dudhia (1993).
The hydrostatic version of the model was also run
for all experiments as a test of the validity of the non-
hydrostatic version of the code. As expected, results
were nearly identical for the a 5 10 and 100 km ex-
periments, with significant differences arising for a 5
1 km where nonhydrostatic effects are important. (In
the hydrostatic model, the results for a 5 1 km are
qualitatively similar to those for a 5 10 km but with
greater amplitudes for the perturbations vertically
stacked above the mountain).
a. Flow separation at step corners
When the model was run as originally configured, a
fundamental discrepancy from the analytic solutions
arose in the numerical results as flow separation de-
veloped at low levels in the lee of the mountain. This
region of nearly stagnant flow is clearly apparent in the
perturbation wind field shown in Fig. 6a, but does not
appear either in analytic solutions for the true bell-
shaped mountain, or in terrain-following models used
in Witch of Agnesi experiments. The artificial response
occurs in the step-terrain model independent of the ver-
tical resolution; the effect is not removed (or even re-
duced) with a small vertical grid size. The region of
nearly stagnant flow that develops downwind of the
mountain effectively alters the shape of the forcing and
greatly reduces the amplitude of the waves aloft.
We believe the flow separation above the lee slope
arises in step-terrain models due to the artificial gen-
eration of significant horizontal (y component) vorticity
(zy 5 ]u/]z 2 ]w/]x) at the step corners (Fig. 6b). Al-
though there should be no vorticity generation along the
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FIG. 6. Values of (a) horizontal velocity and (b) y-component horizontal vorticity (]u/]z 2 ]w/]x) from a nonhydrostatic
Eta Model simulation at t 5 2160 s for step-terrain representation of a bell-shaped mountain of height H 5 400 m
and half-width a 5 10 km with Dx 5 2 km and Dz 5 100 m without vorticity modification at the step corners. Horizontal
velocity and y-component horizontal vorticity are shown in (c) and (d), respectively, for the same simulation with
vorticity modification near step corners. (a), (b) Note flow separation downwind of the mountain and large values of
vorticity at step corners. (a) and (c) Contour interval of 1 m s21 and (b) and (d) 0.01 s21.
terrain surface for inviscid flow (if baroclinic generation
is negligible), the singularity at the step corners creates
an indeterminacy that is reflected in the solution by the
generation of vorticity at the step corner. One can imag-
ine a whole spectrum of different solutions that might
arise, each corresponding to a different amount of vor-
ticity generation at the corners.
To replicate the behavior of inviscid flow over smooth
terrain, we seek model solutions in which there is no
generation of vorticity at the step corners. After inves-
tigating several alternative approaches, we found that a
simple application of a zy 5 0 condition at each corner
point was most effective at removing the lee-slope sep-
aration. With the C-grid staggering, this corner condi-
tion alters the finite differences used in the advection
terms at the u and w points immediately above and
beside the step corners, respectively. In other words, for
the u point located one-half grid point above the step
corner, vertical advection at the corner was computed
as w x]w/]x instead of using 2w x]u/]z. Likewise, for
the w point adjacent to the step corners, horizontal ad-
vection at the corner was computed using u z]u/]z in-
stead of 2u z]w/]x. (Here, the overbars indicate aver-
aging of values on either side of the corner point that
is located in between both the u and w grid locations.)
It is acknowledged that this alteration is probably too
restrictive since, in general, the horizontal vorticity
along the surface does not vanish; it may be present in
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FIG. 7. Vertical velocity from nonhydrostatic Eta Model simulations
with a mountain half-width of 1 km (horizontal resolution of 200 m),
with vertical resolution of Dz 5 (a) 0.5H 5 200 m and (b) H/40 5
10 m. Contour interval is 0.25 m s21.
the mean flow due to wind shear or baroclinically gen-
erated within the perturbed flow. However, it does serve
to eliminate most of the flow separation by diminishing
or preventing vorticity generation at the step corners
(see Figs. 6c,d) and appears to work better than other
more sophisticated alterations we investigated (e.g., per-
mitting mass to flow into and out of grid boxes having
a step face). Therefore, this alteration was used in the
simulations discussed in the following section.
b. Step-terrain simulations at various horizontal
scales
For a mountain half-width of 1 km, the most strongly
forced stationary wave modes have horizontal and ver-
tical wavelengths of similar magnitude, and thus the
waves are strongly nonhydrostatic. Vertical velocity per-
turbations in the analytic solution display wave fronts
propagating upward and downstream as shown in Fig.
1c. Similar results are obtained from the nonhydrostatic
Eta Model with a vertical resolution of 200 m that only
coarsely represents the bell-shaped mountain with a
two-layer step-terrain profile (Fig. 7a) and also with a
finer vertical resolution of 10 m (Fig. 7b). For these
nonhydrostatic waves, the perturbations above the step
corners are well resolved for Dx 5 0.2a (cf. Fig. 5a),
and thus, the solution is not affected appreciably by
further increasing the horizontal resolution. These re-
sults agree well with those from both the analytic bell-
shaped mountain solution (Fig. 1c) and its step-terrain
approximation (Fig. 1b). Small-scale extrema do occur
near the step corners, but the dispersive nature of the
waves causes the grid-scale perturbations to disappear
rapidly with height. Only the lowest few hundred meters
appear distorted by the step corners.
With a mountain half-width of 10 km, hydrostatic
mountain waves dominate and rotational effects are un-
important. Vertical velocity perturbations in the analytic
bell-shaped mountain solution (Fig. 2f) show that little
propagation downstream occurs, unlike the case with
nonhydrostatic waves. A series of perturbations of al-
ternating sign are vertically stacked above the mountain.
In the step-terrain model, significant vertical perturba-
tions occur above each step corner in the coarse vertical
resolution simulation using Dz 5 200 m (Fig. 8a). This
behavior is quite similar to the perturbations evident in
the analytic two-layer step-terrain solution in Fig 2b,
and reveals a composite of step-corner disturbances sim-
ilar to the one isolated in Fig. 5b. When the vertical
resolution is improved to 10 m, the amplitude of the
step-corner perturbations decreases significantly (Fig.
8b). Perturbations in w are now in good agreement with
the analytic bell-shaped mountain solution (Fig. 2f),
with only slight distortion due to the corner effects.
For a half-width of 100 km, with a horizontal reso-
lution of 20 km, the step-terrain Eta Model displays a
similar behavior to that discussed for the 10-km half-
width mountain. Again, artificial perturbations above
the step corners dominate the vertical velocity field for
Dz 5 200 m (Fig. 9a). With significantly higher vertical
resolution Dz 5 10 m, the simulation (Fig. 9b) ap-
proaches the analytic solution for the bell-shaped moun-
tain (Fig. 3f), although the model appears to be con-
verging to this result more slowly with increasing ver-
tical resolution than the analytic step-terrain solutions
(Figs. 3a–e). The secondary extrema seen near the right
edge of the domain in Fig. 9b shifted in position and
were reduced somewhat in magnitude in a sensitivity
test in which varying vertical resolution was used, al-
lowing the mountain to be resolved in even greater detail
by steps of height 1 m (lowest levels) to 6 m (moun-
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FIG. 8. As in Fig. 7 except for a mountain half-width of 10 km
(horizontal resolution of 2 km). (a) Contour interval is 0.2 m s21 and
(b) 0.1 m s21.
FIG. 9. As in Fig. 7 but for a mountain half-width of 100 km
(horizontal resolution of 20 km). Contour interval is (a) 0.02 m s21
and (b) 0.01 m s21.
taintop). This result suggests that the simulation would
approach the analytic solution if extremely high vertical
resolution were used.
4. Discussion
In this investigation, we have evaluated the viability
of using a step-terrain representation of a smooth moun-
tain profile in model simulations of small-amplitude
mountain waves, where results can be compared against
known analytic solutions. Both the analytic solutions
and simulations with a 2D nonhydrostatic version of the
NCEP’s regional Eta Model demonstrate that the ac-
curacy of the step-terrain approximation may depend
strongly on the horizontal scale of the terrain and the
resolution of the actual terrain by the vertical grid. Ac-
cording to linear theory, the steady-state disturbance
produced by a single step is nonhydrostatic and has a
structure as illustrated in Fig. 5. When the horizontal
scale of the mountain is comparable to the scale of the
disturbance produced above the individual step corners,
the step-terrain approximation to a smooth mountain
profile may produce a reasonable wave response (except
near the step corners) even with rather coarse resolution
of the actual terrain. In this situation, superposition of
the circulation above each step corner may combine to
produce a continuous wave response that approximates
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the wave structure above the actual continuous slope.
However, in simulations of nearly hydrostatic waves,
more significant distortions may arise since the scale of
disturbances generated above the step corners is much
smaller than the scale of the mountain forcing, and con-
sequently, the circulation above each step corner appears
as a localized spike in the flow field. While the ampli-
tude of the disturbances above the corners is indepen-
dent of the mountain width, the vertical velocity in the
mountain-scale wave decreases in proportion to increas-
es in the mountain width. Thus, the relative amplitude
of these step-corner disturbances becomes increasingly
dominant as the mountain width increases. In the hy-
drostatic limit, the analytic solutions reveal that a log-
arithmic singularity exists at all heights above each step
corner but that the numerical representations remain fi-
nite for a fixed horizontal grid.
In applications where the wave response is not strong-
ly nonhydrostatic, the vertical grid size must be small
enough to accurately approximate the actual shape of
the terrain. This requirement that Dz K H is far more
restrictive than the resolution needed to resolve the wave
structure aloft (i.e., Dz K 2pU/N) since the vertical
length is typically at least an order of magnitude greater
than the mountain height. Both the analytic solutions
(section 2) and model simulations (section 3) suggest
that for a bell-shaped mountain of height H 5 400 m,
a vertical grid size of order 10 m is required to obtain
an accurate representation of the gravity wave response
for half-widths a 5 10–100 km. In contrast, Dudhia
(1993) obtained accurate simulations of flow over a bell-
shaped mountain for these half-widths with a vertical
grid of about 250 m near the surface (and becoming
coarser aloft) using the traditional terrain-following co-
ordinate.
For typical mesoscale horizontal resolutions (roughly
20 km) for research (e.g., Zhang and Gao 1989) or op-
erational purposes (Black 1994), the amplitude of the
mountain waves is sufficiently small that the step-corner
perturbations may not significantly impact forecasts
made with the models (except, of course, for the gravity
waves themselves). In the simulation in section 3 for a
5 100 km with Dx 5 20 km and Dz 5 0.5H, the per-
turbations associated with step corners are only several
centimeters per second in magnitude. However, at cloud-
scale resolutions of a few kilometers, these perturbations
can be significantly greater. For the relatively small
400-m mountain simulated in section 3, for a 5 10 km
with Dx 5 2 km and Dz 5 0.5H, the peak artificial
vertical velocity perturbations above the step corners
are on the order of 0.5 m s21. Thus, in a real data
situation with cloud-scale horizontal resolution, coarse
vertical resolution could play a significant role in pro-
ducing spurious vertical velocity forcing over large
depths in the atmosphere. If such a pattern of ascent/
descent is not eliminated by model damping, convection
initiation might be artificially enhanced above the step
corners.
In the current 32-km, 45-layer operational Eta Model
(implemented in early 1998), the low-level vertical res-
olution generally varies from around 20 m in the lowest
layer at sea level to around 125 m at 1000 m (Rogers
et al. 1998). Vertical resolution near the top of the high-
est mountains (around 3000 m) is between 300 and 400
m. Experimental 10-km tests of the Eta Model have been
run at NCEP using 60 layers with the coarsest vertical
resolution at the highest mountains being around 300
m. The land surface and turbulence parameterizations
in a step-terrain model will at least partially mask the
effects of the step corners. However, as horizontal res-
olution is improved in future versions of step-terrain
models like the Eta, care should be taken to maintain
as high a vertical resolution as possible throughout lay-
ers where topography exists.
Idealized simulations with the 2D step-terrain model
reveal a persistent tendency for the flow to separate
above the lee slope of terrain features due to artificial
horizontal vorticity generation at the step corners. This
effect could be causing artificially weak flow in the lee
of mountains in the operational Eta Model. There is a
suggestion of this behavior in the operational 10-km Eta
Model in a case of easterly flow over the Wasatch Moun-
tains, documented by Staudenmaier and Mittelstadt
(1997), in which the low-level flow failed to accelerate
and descend along the lee slope. In practice, it appears
that the spurious behavior in our idealized simulations
can be greatly reduced or eliminated by specifying a
zero vorticity condition at the corners (though this ap-
proach cannot be rigorously justified).
This study is not intended as a comprehensive eval-
uation of step-terrain and terrain-following coordinates
over the entire spectrum of terrain situations. Most no-
tably, we have not considered here their behavior for
flow over and around steep mountains, for which the
step-terrain representation may be more accurate and
for which errors in computing the horizontal pressure
gradient force in terrain-following coordinates may in-
crease. Rather, we have focused on idealized flow over
smooth orography to document the capabilities and lim-
itations of the step-terrain representation in more con-
trolled conditions. Further studies should include both
more varied flow situations and more complex terrain.
Additionally, the influence of boundary layer processes
on the results, and three-dimensional effects, should be
considered.
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